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Abstract 
Closed unlined landfills can found in many cities in China, as a side product of economic and urban development in 
last century. The degradation velocity of municipal solid waste (MSW) in such landfills can be very slow due to lack 
of moisture and its stabilization time can reach twenty years or more if no measure is enforced from outside. Recently 
aerobic bioreactor landfill technology has been applied to accelerate MSW decomposition by introducing water and 
air into the landfill. However, excessive water could also result in secondary pollution to ground water. In order to 
apply the aerobic bioreactor landfill technology for unlined landfills treatment without leachate across the site 
boundary, an appropriate water injection volume has to be determined. In this paper, a 3D mathematical model is 
established from mass balance and Darcy’s law in a cylindrical coordinate system for the simulation of moisture 
distribution in an unlined aerobic bioreactor landfill. Moisture profile in landfills is obtained by coupling the aerobic 
bio-reaction with the water generation term at different scales. The aerobic bio-reaction rate is considered as the 
function of moisture content, temperature, matrix concentration, oxygen concentration and microorganism 
concentration. Two water injection styles, surface ponding and vertical well, were investigated. To avoid ground 
water contamination, moisture filtration rate is assumed to be zero at the site bottom. A feasible water injection 
volume is determined under quasi-steady- state. 
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1. Introduction 
Landfilling is the most commonly used disposal method for municipal solid waste (MSW) in many 
countries. About 2/3 MSW are landfilled in China[1]. As unfortunate historical circumstances, many 
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unlined landfills exist in China. The degradation velocity of MSW is very slow in a closed unlined 
landfill. With the rapid social development and urbanization, many unlined landfills need to be 
redeveloped. The biodegradation rate of solid waste is dominated by the moisture content and oxygen 
concentration. The MSW decomposition can be accelerated by introducing water and air into the landfill. 
However, leachate across the site boundary is a potential threat to human health and the environment[2]. 
To prevent leachate leakage, it will be very important to know the moisture distribution in landfills. In 
this paper, the moisture distribution model is developed for aerobic bioreactor design and operation in 
unlined landfills, and the feasible water injection volume is determined for different water injection 
applications. 
 
Fig.1 (a) Top view and (b) Front view of an unlined landfill with surface ponding for water injection 
  
 
Fig. 2 (a) Top view and (b) Front view of an unlined landfill with vertical well water injection for water injection 
The well layout in unlined landfills is shown in Fig.1 and Fig.2. Water injection can be conducted on 
surface or through subsurface [3, 4]. Surface injection includes surface ponding and spray irrigation on 
the landfill surface. Subsurface injection can be realized by vertical well or horizontal piping in different 
layers. In this work, moisture distribution is simulated for surface ponding and vertical well water 
injection. The influence of gas transport on moisture migration is neglected. 
In last decades, many studies have been carried out in attempts to simulate moisture distribution. 
Korfiatis et al.[5] established a 1D model based on mass balance and Darcy’s law in homogeneously 
distributed porous media. The influence of bio-reaction on the moisture distribution was not considered in 
their work. Ahmed et al.[6]developed a 2D FILL (Flow Investigation for Landfill Leachate) model in 
which the upper unsaturated layer and the lower saturated layer were described in landfills. Different 
equations were used to simulate moisture distribution in different domains. The water generation or 
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depletion term was not taken into account in their model. Mccreanor and Reinhart[7]developed a 2D 
model for moisture distribution based on the United States Geological Survey’s Saturated-Unsaturated 
Flow and Transport (SUTRA). Consumption of water in anaerobic bio-reaction was considered in the 
water depletion term. Hongtao Wang et al. [8] established a 3D model to simulate the saturated-
unsaturated moisture movement in the circumstances of leachate recirculation by vertical infiltration 
wells and the horizontal trenches. The rainfall, evaporation and anaerobic bio-reaction were included in 
the water generation or depletion term. The anaerobic bio-reaction rate is mainly affected by matrix 
concentration and time.   
By analyzing all the models above, they were established based on mass balance and Darcy’s law in a 
rectangular coordinate system which can be applied to spay irrigation on surface.  The surface ponding 
and vertical well are applied to the sites due to economic concerns. In both water injection styles, moisture 
transport is axisymmetric. Therefore, in this work, the mass balance equation is established in a 
cylindrical coordinate system.  The moisture distribution is closely related to the aerobic bio-reaction. The 
aerobic bio-reaction rate is considered as the function of moisture content, temperature, matrix 
concentration, oxygen concentration and microorganism concentration. The coupled mass balance 
equation and aerobic bio-reaction model are solved by gPROMS[9].  
2. Model formulation 
2.1.  Mass balance model 
In order to describe the moisture transport in an unlined landfill, a mass balance model (Eq.1) is 
established in a cylindrical coordinate system[10]. The unit chosen from unlined landfill is shown in Fig.3. 
 
 
Fig.3 Unit in a cylindrical coordinate system 
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                                                                                                           (1) 
where T is the volumetric moisture content (vmc) (m3/m3); rv , vM , zv are the moisture fluxes in radial, 
angle and vertical directions respectively (m/d); ( )W T is the moisture generation term, which is the 
function of moisture content (d-1); t is the time (d); z is the depth of the unlined landfill (m), positive 
upwards; r is the radial length (m); andM  is the angle. 
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The landfill body is assumed to be a homogenously distributed porous media, and the radius of surface 
ponding is considered to be 1m. The moisture transport is assumed uniform in angle direction. The study 
domain is depicted in Fig.4. 
 
Fig.4 The study domain 
The moisture transport velocity in radial and vertical directions can be calculated by Darcy’s law in an 
unsaturated porous medium[11]: 
( )*r
dHv K
dr
T                                                                                                                                            (2) 
( )*z
dHv K
dz
T                                                                                                                                             (3) 
where ( )K T  is the unsaturated moisture hydraulic conductivity (m/d); and H is the total energy of 
moisture at (r, z) (m). 
The total energy consists of the matrix potential (h) and the gravity potential (z)[12]: 
H h z                                                                                                                                                      (4) 
Substitution of Eqs.(2), (3) and (4) into Eq.(1) yields the equation of unsaturated moisture transport, 
Eq.(5),  in a cylindrical coordinate system, which is highly nonlinear. 
( ) ( )* ( ( )* ) ( ( )* ) ( )K h h h h K hK h K h W
t r r r r z z z
T Tw w w w w w w    
w w w w w w w
                                                                (5) 
The Eq.(5) was solved with the help of van Genuchten equation[13] and Gardner equation[14]. 
Volumetric moisture content (T ) was presented as the function of matrix potential (h) in Van Genuchten 
equation (Eq. (6)).  
1( )
1 ( * )
mr
n
s r h
T T
T T D
  
 
                                                                                                                                      (6) 
where sT  and rT  are saturated and residual moisture content of MSW, respectively. The parameters n, m 
(=1-1/n), andD are considered as constants. 
The unsaturated hydraulic conductivity ( ( )K h ) is presented as the function of matrix potential (h) in 
Gardner equation (Eq.(7)): 
( )( ) * hsK h K e
E                                                                                                                                         (7) 
where sK  is the saturated hydraulic conductivity of MSW (m/d); and E  is the Gardner equation’s  
parameter. 
2.2. Aerobic bio-reaction model 
In this section, MSW in landfills is considered as many small spheres. Anaerobic bio-reaction, which 
can make the moderately degradable and rapidly degradable solids transform into the solute matrix, 
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occurs in the internal of each sphere. A layer of liquid membrane with thickness of 5*10-5m exists in the 
surface of each sphere[15]. Aerobic bio-reaction occurs in this region. The influence of the anaerobic bio-
reaction on the moisture distribution is neglected. Eq.(8) and Eq.(9) are developed based on Monod 
model to calculate the oxygen distribution in a small sphere [16].  
2
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Oxygen Uptake Rate (OUR) is determined by Fick’s law (Eq.(10)). 
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where X  is the concentration of aerobic microorganisms (mol/m3); mP  is the maximum growth rate 
constant (d-1); dK  is the mortality rate constant (d-1); 2oK  is the oxygen half-velocity constant (mol/m3); 
2oY is the oxygen absorption coefficient of aerobic microorganisms (mol/mol); 2oD  is the diffusion 
coefficient of oxygen in water (m2/d); OUR is the oxygen uptake rate (mol/m3); u is the radial length of 
each sphere (m); sS is the soluble matrix concentration; and SsK is the soluble matrix half-velocity 
constant (mol/m3). 
The maximum growth rate constant is the function of moisture content and temperature as shown in 
Eqs.(11),(12)and(13). Garcia [17] proposed a model according to the previous studies. 
max * ( )* ( )opt TP P D U T                                                                                                                               (11) 
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where optP is the optimal growth rate in the excellent environment; minT is the minimum temperature of 
the reaction; maxT  is the maximum temperature of the reaction; optT is the optimal temperature of the 
reaction reported in literature; and optT is the optimal moisture content of the reaction reported in literature. 
2.3.  The Coupled Model  
  Moisture distribution is closely related to aerobic bio-reaction. Also, two models are in different 
scales as shown in Fig.5. 
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Fig.5 The coupled process  
Given a point (r, z) in landfills, a sphere is centred with the radius of ra. Thus, a one-dimensional 
coordinate (u) is set with its origin on the surface. The concentration of oxygen is the function of r, z and 
u.  
 In Eq.(5), the water produced by the aerobic bio-reaction is regarded as the generation term. It is 
reported that MSW can be substituted by 23 32 16C H O N [18]. 
 
23 32 16 2 2 2 34 89 92 58 4C H O N O CO H O NH o                                                                                       (14) 
The relationship between the generation term and oxygen uptake rate is established. 
3. Fundamental conditions for models solution  
In this work, a quasi-steady-state is assumed for the operational process of an unlined aerobic 
bioreactor landfill, i.e., the change rate of each variable via time in the coupled model is zero. Therefore, 
no initial conditions are required for solving the coupled model. In order to obtain the moisture profile, 
boundary conditions and parameters in the coupled model need to be determined. 
3.1. Boundary conditions 
  To solve second-order PDEs which consist of Eq.(5)-Eq.(10), four boundary conditions need to be 
determined first. When surface ponding is adopted, the boundary condition consists of the upper 
boundary in which water injection volume is set in the domain of water injection and the moisture content 
is assumed to be 0.39[19] in the other area; the left boundary in which moisture flux is considered to be 
zero; the lower boundary, in which the moisture content is assumed to be 0.40[19] and moisture content 
gradient is zero at z=-10m to prevent moisture infiltration; and the right boundary in which the moisture 
transport velocity is calculated by gas extraction volume. 
When the vertical well is adopted for water injection, the boundary condition consists of the upper 
boundary in which the moisture content is assumed to 0.39[19]; the left boundary in which water flow is 
set in the domain of water injection and moisture flux is considered to be zero in the other domain. The 
other boundary conditions are the same as the surface ponding. 
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3.2. Model parameters 
The corresponding model parameters in Eq.(5)-Eq.(10) are listed in Table 1 by consulting the related 
references. 
Table 1. Model parameters 
Model parameters Values Units References 
D  -1.74 1 m  [20] 
n  1.38 [-] [20] 
sK  0.864 m d  [21] 
sT  0.55 3 3m m  [22] 
aT  0.25 3 3m m  [22] 
maxT  71.6 ć [23] 
optT  55 ć [23] 
minT  5 ć [23] 
mP  0.3 1 d  [24] 
dK  0.02 1 d  [24] 
2oD  6.48*10
-6 2m d  [24] 
2oY  1.12 mol mol  [25] 
E  1 1 m  [26] 
4. Results and discussion 
Aerobic processes with surface ponding and vertical well water injection are simulated in this work. 
The Eq.(5)-Eq.(10) are solved by gPROMS, a software developed by Process Systems Enterprise 
Limited for a general process modelling system with proven capabilities for the simulation of highly 
complex processes.  
4.1. Surface ponding 
 
 
Fig.6 Curves of volumetric moisture content and height for four flows at r=0 
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In Fig.6, it shows the volumetric moisture content distribution at r=0 for flows of 0.3, 0.6, 0.9, 1.2m3/d 
respectively. The profile demonstrates a large moisture content gradient in the upper layer of the landfill. 
At the bottom of landfill, the moisture content profile shows a little decrease along the landfill depth. The 
aerobic treatment of unlined landfills requires no leachate across the site boundary, i.e. the gradient of 
moisture content equals to zero at the bottom of the landfill, under which, a feasible water injection 
volume can be obtained. By analyzing the curve at 1.2m3/d, the moisture content gradient in the vertical 
direction is above zero, which suggests certain amount of leachate across the site bottom. There is no 
significant change on moisture content gradient at z=-10m when water injection volume is 0.6m3/d. 
Therefore, the feasible water injection volume can be 0.6 m3/d. 
 
Fig.7 Front view of the landfill at 0.6m3/d 
Simulation result of the aerobic process in unlined landfill is illustrated in Fig.7. A sharp decrease in 
moisture content can be observed at the depth levels ranging from 0 to -3m. When the water injection 
volume is 0.6m3/d, the influence area in the radial direction is about 2.5m and in the vertical direction is 
about 6.5m from Fig.7. So, it suggests that the distance of adjacent water injection points can be reduced 
to 5m to fully cover the landfill body. 
4.2. Vertical well water injection 
The water velocity in vertical well to the unlined landfill is different at different depth which can be 
calculated by Eq.15[27] 
5 1
2 2
1
3 1*
2 2*3.14*r
v Ql z
r

                                                                                                                           (15) 
where Q is the water flow injected into vertical well (m3/d); l is the depth of well (m); and r1 is the radius 
of vertical well (m). When the moisture distribution is simulated for vertical well water injection, left 
boundary is determined by Eq. (15). 
In this work, the depth of vertical well is assumed as 3m. As shown in Fig.8, in the upper layer of the 
landfill ranging from 0 to -3m, a sharp increase can be observed since the water velocity in vertical well 
increases with the increase of well depth. At the bottom of the landfill, the moisture content gradient in 
vertical direction can’t approach to zero at 0.6m3/d. It is infeasible for vertical well water injection. The 
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leachate leakage can be prevented as the water injection volume is 0.4m3/d. Water injection volume 
0.4m3/d is feasible for vertical well water injection.  
 
 
 
Fig.8 Curves of volumetric moisture content versus depth at different flows (r=0) 
 
Fig.9 Front view of the landfill in vertical well water injection at 0.4m3/d 
The aerobic process simulation result for unlined landfill is illustrated in Fig.9. When the vertical 
depth is ranging from 0 to -3m, a sharp decrease can be observed in the radial direction. As shown in 
Fig.9, due to the gravity, the influence area in the radial direction is about 3m and in the vertical direction 
is about 7m.   
5. Conclusion 
Based on mass balance and Darcy’s law, the mass balance model in a cyclical coordinate system is 
established. The aerobic bio-reaction model is developed based on Monod equation. Two models are 
coupled by the water generation term at different scales. By simulating the moisture distribution in an 
unlined landfill, feasible water injection volumes are suggested for different water injection styles. The 
results can provide a reference for landfill design and operation. All model parameters are determined by 
consulting the related references. 
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